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OTHIOAL He MOryT Ouib OTAeneHs APYF T APYF2;, BCE yCpeRHEHHE
[IPOU3BOJUTCS €JUHBIM 06Pa3sOM, H €ro HEeBO3MOXKHO IPeICTABMTL Kak
pesynbTaT MOCJeJ0BATE/IbHO HPOKIBOIHMBEIX UUCTO KBAHTOBOMEXAHH-
UeCcKOT0 U YUCTO CTaTUCTUYECKOTO YcpenHeHHUi.

CraTucTyyeckass MaTpuua 3aMeHdAeT B KBaHTOBOH CTaTHCTUKe
GYHKLHIO pacrpefesieRus K/IaCCUMECKOH CTATHCTUKU. Bce ckasanHoe
B MpelbYmuX naparpabax npumMeHUTESbHO K KJacCU4ecKoH craTu-
cTHKE HO HOBOXY NPaKTUUECKH OMNpellefieHHOrC xapakTepa JesaeMblX
€10 TIpe/icKa3aHufl MOJHOCTBIO OTHOCHTCS W K KBAHTOBOH CTaTUCTHKe.
HanoxeHHoe B § 2 10Ka3aTeNbCTBO CTpeMJeHUsl K HYyJI0 (IpU yBe-
JUUEHUM YUCJIa YacTHl) OTHOCMTENbHBIX (GAYKTyauufl anauTHBHbLIX
&H3UYECKHX BETHYNR BOOOINE He HCIOJb30BalO KAKUX-/HOO 0co6eH-
HOCTel, crnenudUUecKuX I8 KJ/IACCHUECKON MeXauuKd, H HNOTOMY
MOJHOCTHIO OTHOCHTCS ¥ K KBaHTOBOMY cJy4aio. Mbl MOXeMm, cJjefio-
BaTeNbHO, T0-IPEXKHEMY YTBEDPHJaTh, WTO MaKPOCKOMHYECKHe Besu-
9UHLL OCTRIOTCH IPAKTHYECKH PABHMMY CBOHM CPEXHUM 3HAYEHUSIM.

B KjaccuuecKolt craTHcTHKe (QYHRNHA pacnpegeleHust g (p, ¢)
HENOCPEICTBEHHO JaeT pacHpefe/leHne BEpOATHOCTEH pa3/M4YHBIX 3Ha-
YeHHHA KOOpPRHMHAT M HMIOYJIGCOB WacTHH Tela. B KBaHTOBOH XKe
€TATHCTHKE 3TO HE TaK: BeNHUHHBE @, XafOT JIMIIb BEPOSITHOCTH HaHTU
TeJ0 B TOM WIH HHOM KB3HTOBOM COCTOSIHUM, 6€3 BCSIKOTO Herocpes-
CTBEHHOrO YKa3aHHS Ha 3HAYEHMS KOOPAUHAT HJIY UMNYJbCOB YacTHIL,

B cuay camoii npupojkl KBAaHTOBOH MeXaHWKH, B OCHOBaHHO{ Ha
Heil CTAaTHCTHKE peub MOXET UATH JMUIbL O HaX0XKJeHWH paclpejese-
HU Sl BEPOATHOCTEH /151 KOODAHHAT UM HMITYJbCOB B OTIEJAbHOCTY, & He
TEX U JPYrUX BMeCTe, MOCKOJAbKY KOOPAHHATLI U UMIIYJIBCH YaCTHILBI
BooOie He MOrYT ORHOBPEMEHHO UMeThb OINpezie/leHHBIX 3HadeHui.
Hckaomele pacnpengenenus BEpOATHOCTEH JOJXKHBL YYUTHIBATD Kak
CTaTHCTHYECKYIO HeOlpeNe/eHHOCTh, TaK U HeonpelesleHHOCTk, HpH-
CYI VIO KBAaHTOBOMEXaHHYECKOMY OmuCaHuio camoMmy mno ceGe. s
HAXQXKJIEHHS 5THX pacipelefteHHil CHOBa BOCIOJb3YeMCSi WPUMEHeH-
HbIM BHIllle crioco6oM paccyXpernii. IIpennonoxuM cHayasa, 4To Teso
HaAXOJUTCH B YHUCTOM KBAHTOBOM COCTOSIHHU C BOJHOBOH (ByHKHUEHH
(5,1). PacnpeneneHue BepoATHOCTEH AJs KOODAMUHAT OMperesiseIcs
HpY 3TOM KBaZPaToM MOXVJs:

| P |2 = ;% C;lel);’(pmv

TaK 4TO BEPOSATHOCTH KOOPAMHATAM HMeTb 3HAYEHUSt B JAHHOM HH-
Teppane dqg=dq,dg,...dg, pasua dw,= |y |*dg. [lepexon K cmemaH-
HOMY COCTOSIHUIO TPOU3BOJUTCS TYTEM 3aMeHbl TpPOU3BEICHUH CC,
3JleMeHTaMU W, CTaTHCTHYECKOH MAaTPUNBl, B pe3yJbTaTe dero | |2
NIEPEXOAUT B CyMMY

; ;} Wprtbn e
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Ho no ONnpene/ieHN10 MAaTPUUHBIX 3/IEMEHTOB MOXKHO HAIHUCATh:
2 WrnPm = W‘Pn'-
m
[Mostomy
2 2 wmn’q’;’q’m = 2 ’q’;w’q’n'
n m n

Takum o6pasoM, HaxomuM cieyiomyio (GopMyay aJst pacrpe-
JeJieHUs1 BEPOSATHOCTEH NO KOOpAHMHATAM:

dwq _—_;’q’;&npnd‘] (5’8)

B HanmucaHHOM B Tako#l ¢OpMe BHpaXKeHMH MOXHO MNOJIB30BAThCS
B KauecTBe GYHKUMA 1, JNIO60OH MOJHOH CHCTEMOH HOPMHPOBaHHBIX
BOJIHOBHIX (DYHKIHH. :

Hanee, onpenenuM pacnpenesieHHe BepOSITHOCTER /ISt UMIYJIBCOB.
KBaHTOBbIE COCTOSIHNS, B KOTOPHIX BCE€ UMITYJbCHl HMEIOT OflpejeNeH-
Hble 3HAUeHHS, COOTBETCTBYIOT CBOGONHOMY MBHIKEHHIO BCEX YACTHIL.
OGo3nauuM BOJHOBBIE (QYHKUMM 3THX COCTOSIHMI MOCPEACTBOM VP, (q),
rjle YHAEKC p YCJOBHO 0603HAYaeT COBOKYIMHOCTb 3HAUYEHHUH BCeX
MMITYIbCOB. Kak Mbl 3HaeM, AHAroHajbHblE 3JeMEHTH MAaTpHIB! NJIOT-
HOCTH [OpeNCTaBJsOT COO0H BEPOSITHOCTH HAXOMXKJEHHMS CUCTEMBl B CO-
OTBETCTBYIOIIMX KBaHTOBBIX cocTosiHUAX. Ilostomy, onpenenus ma-
TPUILLY MJAOTHOCTH IO OTHOWIEHHIO K CHCTEMe QYHKUME Py, MBI HOMYUUM
HCKOMOE pacnpeiesieHHe BEPOATHOCTEH I/l MMOYJAbCOB HO GopMyie 1)

dw, =w,,dp=dp- § vya,dq, 69

rae dp=dp,dp. ... dp;.

Jlro6onbiTHO, 4yTO 06a pacmpeneseHUsI — N0 KOODAMHATAM M MO
HMIy/1bCaM—MOryT OHTb MOJyYeHbl HHTErPUPOBAHUEM OXHOH H TOH
e dyHKUMH

(g, p)="}(@) @V, (q). (5,10)

[MpounrterpupoBap ee mo dg, MbI OJYYHUM pacrpeneleHle MO UMY Jb-
cam (5,9). Unterpuporanue xe no dp naet

dw,=dq- § 43 ()@, (¢)dp (5,11)

B corjacuu ¢ obmuM onpenenenueM (5,8). OrMmeTHM TakXe, 4TO
dyukuus (5,10) MoxeT GbITh BhlpaxKeHa yepe3 KOOPAMHATHYIO MATPULLY
nJOTHOCTH P (g, ¢') coryacHo

I, =03 § 0(4, ¢) %o (q')dg'. (5,12)
HOII‘-IepKHeM, OJHAKO, YTO CK434HHO€ OTHK/Ib He oanaqaeT, qyTO
dyukwo [ (g, p) MOXHO paccMaTpuBaTh KakK pacnpenelleHue Bepo-
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SITHOCTEH 1J151 KOOpJMHAT UM MMHYJbCOB OJHOBPEMEHHO; He rOBOPS
y®e 0 TOM, HYTO TaKasi TOYKa 3peHHsi BOOOmiE NPOTHEOLEUNNa Gbl
OCHOBHBIM TPHHLHMIAM KBaHTOBOH MeXaHUKH, BbIpaxeHue (5,10) komn-
JIeKCHO 1),
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VI3 teopembl JImyBuJJis HenocpenCTBEHHO CJAEAYET, 4TO (PYHKuUHUA
pacnpesiesieHHs NOJXKHA BbIpaXaTbCs JHIUbL YePe3 TaKHe KOMOHHANHH
nepeMeHHBIX P, ¢, KOTOpBIE NpH NBUXKEHMH NOACHCTEMBI, KaK 3aMKHY-
TOH, OCTAIOTCSi TNOCTOSHHBIMH. DTO—TaK Ha3biBaeMble MeXaHM4ecKue
WHBAPUAHTH WJH UHMe2pavt Osusterus, ABIAIONIHECH, KAK U3BECTHO,
nepBLIMY HHTErpajsaMu ypaBHeHUI ABHXKeHH 1. MOXKHO, cl1e0BaTe/IbHO,
cKasaTh, 4TO (PYHKIHSI pacnpeneneHHs, ABAAsAch QYyHKLMeN MeXaHH-
4eCKHX MHBAPUAHTOB, CaMa €CTb MHTEerpaJj JBUIKEHUH.

Oxa3biBaeTcs BO3MOXKHBIM UPe3BblUaHHO CY3HTb UMC/I0 HHTET PAJIOB
IBUXKEHHSI, OT KOTOPbIX MOXKeT 3aBucCeTh (YHKIHMS DacnpepeseHus.
JJas 3TOrO Hajgo yuectb, YTO pacnpesiefeHne P,, JJAsi COBOKYITHOCTH
JIBYX TIOACHCTEM PaBHO NPOM3BeNCHHIO QYHKUMI PaCIPENe/IeHNsT 01 U O,
3THX NOACHCTEM B OTAEABHOCTH: 0, =P.0,. I103TOMY

]npm:lnpl-{'_ln pz, (4,1)

T. e. gorapudM GYHKIMYU pacnpeleleHUs eCTb BeHYHHA afluTHBHAsA.

MBI IPHXOIHM, CHIET0BATENbHO, K 3aKJIIOUEHHUI0, 4TO Jorapudm dyHxuns

pacnpesiesieHHsi 10JKeH ORITb He NPOCTO MHTErpasoM IBUXKEHHSA, HO
H aJfAUTHBHBIM HHTErpaJOM JBHIKEHHA. '

Kak u3BeCTHO U3 MEXaHHKH, CYIECTBYeT BCEro CeMb HE3aBHCHMEIX

QIMTHBHBIX WHTErPajJoB JBUMKEHHS: 3IHEPrHsA, TPH KOMIIOHCHTHl
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peKTOPa MMINYJbCa U TPH KOMIIOHEHTH BEKTOpPAa MOMEHTa HMmYJbCa.
(O603HauuM 3TY BeJMuMHBl 1J5 a@-fi NMOACUCTEMH (KakK QYHKIMU KOOpP-
JMHAT ¥ HMIYJbCOB €e 4acCTHI[) COOTBETCTBEHHO rocpencTsoM E, (p, q),
P.(p, 9), M,(p, q). EnunctBennas agauTuBHaa Xe KOMOUHAIMSA 3TUX
seJHUMH ©CTh JMHeliHas xoMOuHauusa Bupa

In Pa=02%, +[5Ea (P: q)+Ypa(ﬁ, ‘7)+'5Ma(ﬁ,"]) (4’2)

¢ MOCTOAHHBIMY KO3dbuuyentamMu o,, , v, 8, npuuem , v, 8 ronxuu
GHITE OIMHAKOBMIMH JJIfi BCeX INMOJACHCTEM JNAaHHOH 3aMKHYTOH CUCTEMBbI.

K mnozpoGHOMY u3yueHu1o pacnpeienenvs (4,2) MH BepHemcs
B Ja/jbHelimeM (rsaBa IlI). 3peck Xe ajas Hac cymecTBeHHO JMIUb
ciaenyionee obcrosTenbetBo. KoadduiueHTr @, ecTh NpocTo HOPMHU-

pPOBOYHAS MOCTOSHHASA, ONpese/IAIoN|ancs YCJIOBHEM S P, dpPdg @ =1.

[Tocrosinube Xe P, 9, 6 —Bcero ceMb He3aBMCHMEIX BeJIMUHH—MOrYT,
oueBUHO, OBITL oOnpeneldeHbi 1O CeMH K€ NOCTOSHHBIM 3HAUEHUHM
aIMTHBHBIX MHTErpaJsioB JBUKeHHS BCeli 3aMKHYTOH CHCTeMBI.

Takum 06pa3oM, Mbl NPUXOAMM K BayKHeHIIEMY 1Jisi CTATHCTHKH
BEIBONY. 3HaueHUsi aJNMTHBHHIX HHTErpajoB JBUXKEHH§— 3HEPruu,
UMIIYJAbCA ¥ MOMEHTa —IIOJHOCTBIO ONpeReIsiloT CTAaTUCTHHECKHE
CBOACTBA 3aMKHYTOH CUCTEMBI, T. €. CTAaTHCTMYECKHE pachpeneseHys
JI06HIX €e NOoJCHCTeM, a C HAMH Y CpejHHe 3HAueHus JIOOBIX UX hU-
3M4eCKMX BeJMuMH. DTH CeMb aJJAMTHUBHBIX WHTErpajioB IBUIKEHHS
3aMeHsI0T co00# TO HeBOOGPa3uMOe MHOXKECTBO JAaHHBIX (HauaJbHBIX
ycaoBufi), KoTopoe TpeGoBajock OB npH MeXaHWYECKOM INOXofe.

H3noxeHHbe coofpakenysl HeNOCPEICTBEHHO NO3BOJISAIOT COCTABUTH
JJ1s 3aMKHYTOH CHCTeMB! NPOCTYI0 GYHKIMIO pacnpeneseHdsi, IPHToj-
HYIO N OnuCaHHA ee CTATHCTHYeCKUX, cCBOHCTB. IlockKoabKy, Kak MBI
Tenepb 3HaeM, 3HadeHMA HeaJJMTHBHHX MHTErpajoB JBUXKEHUs He
OKa3HIBAIOT BJMSHUS HA 3TH CBOHCTBA, TO AJI5i ONHCAHUA NOCJSHHUX
MOXKHO BOCIOJb30BaThCs “N1060H PyHRIMel p, 3aBHCALERH TOJABKO OT
3HaueHHH agJUTHUBHLIX MHTErpajioB JBMXKEHHSI CHCTEMBl M VIOBJETBO-
pstomiedt Teopeme JInysuaias. ITpoctefimeit Takoi GyHKuMeH ABAseTCA
Gyuxnud, paBHas p=const AJs Bcex Touek ($a3oBOro NpoCTPaHCTBA,
COOTBETCTBYIOUIMX 3aJaHHBIM NOCTOAHHLIM 3HaueHusiM 3Heprum (E,),
uMnysasca (P;) © momenta (M) cucreMbl (BHE 3aBMCHMOCTH OT 3Ha-
YeHpil HeaJAWTUBHBIX HHTErpajoB), 1 p =0 A/ BCeX NPOUMX TOUEK.
Slcho, uTO onpegeseHHas TaKMM 06pasoM QYHKUKS BO BCAKOM Ciydae
0CTaeTcsl NOCTOAHHOH BJOJbL (a30BOH TPAcKTOPDHH CHCTeMH, T.e.
VAOBJeTBOpseT TeopeMe JIMYBUJLIA.

Hannas ¢opMyaupoBka, BNpoueM, He BNOJHe TouHa. JleJo B TOM,
4TO TOUKM, ONpejesseMble ypapHeHUsiMH

Elp,)=E;, P(p.9)=P,, M(p, q)=M, (4.3)

06pa3yioT HeKOTOpoe MHorooGpasue Bcero 2s—7 namepenuit (a He 2s
H3MepeHHil, kKak $Ha3oBLli 06beM). ITo3TOMY, 718 TOro 4TOGH MHTErpas
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S pdp dq O6bl1 oT/iMdeH oT HYas, GYHKUNA p (p, ¢) AoJKHa 06palaThes
B 3THX ToYKax B GeckoHedHocTb. IIpaBmiipbHass 3anuch (yHKUHH
pacupefie/ieHns 3aMKHYTOH CHCTEMHI TJIACHT:

p=const-8 (E— E,) §(P—P,) 5 (M—M,). (4,4)

Hanuuue §-bynkumii') obecneunBaer ofpameHde p B HYJb BO BCex
Togkax (a3oBOro NPocTPAHCTBA, B KOTOPHIX XOTA G OfHa M3 BeJH-
g E, P, M se paBHa cpoemy 3ajanHHOMY 3Hauenumio E,, P, M.
Hterpan xe oT p MO BCAKOMY ($a3oBoMy oObeMy, 3aKIIOYAIOWEMY
B cebe xoTA OH YacTh YKAa3aHHOro BHIE MHOrooGpasusf TOuek, Ko-
HeqeH. Pacnpenenenne (4,4) HasnBaeTCst MUKpOKAHOHUYECKUM ?).

HMnyJsisC B MOMEHT 3aMKHYTOM CHCTEMEl CBA3AHLI C €€ ABHIKEHHEM
KakK 11eJ10r0 — PaBHOMEPHEIM NOCTYNAaTEILHEIM ABUKEHHEM H PaBHOMEp-
HHIM BpaiieH#eM. Ilo3TOMy MOMKHO CKasaTth, 4TO CTaTHCTHYECKOe
COCTOfIHME CHCTEMbl, COBEpINAIONIell 3aJaHHOE [BHXXEHHE, S3aBHCUT
TOJIBKO OT e€e 3Hepruu. bJaroaaps sToMy 3Heprud npuobperaer B CTa-
THCTHKE COBEPUICHHO HCKJIIOUHTE/IhHYIO POJb.

Haa toro yrobel B JajipHefilieM COBCEM HCKJIOUHTb H3 PacCMOT-
peHHs MOMEHT H MMNY/bC, MOXHO NPHMEHHTb CJEIYIOWME IpHeM:
OyneM npeACTaB/ATb cebe CHCTEMY 3aKJIOUEHHOH B TBEPIbIA «AIMK»
H I0JIL30BAThCSE CHCTEMON KOOPAHHAT, B KOTOPOH «AIIMK» NOKOHTCA.
B rakux ycloBHAX MOMEHT H HMIYJABC BoOOIie He GYIyT YXKe HH-
TerpajaMH JBHXKEHHs, W EIMHCTBEHHBIM aJJHMTUBHLIM HHTErpajoM
JABHIXEHHS OCTaHeTcsl SHeprus; B TO XKe BpeMs Ha CTAaTHCTHYECKHX
CBORCTBAX MaJHIX dHacTell cucrembl (MOACHCTEM) HAJIHYUE <AMHKAY,
O4YeBHAHO, BooOme He ckaxkercs. ITosroMy ajs norapudMoB ¢pyHKuui
pacnpeneneBua mnoacucreM OyaeM mMerb Bmecto (4,2) eme Gouee
NpOCTHe BEIPaXeHH:

In pa=°‘a+ﬁE¢(p’ q9). (495)
Muxpokanonuyeckoe Ke pacnpefefieHue Njis BCeHd CHCTeMBl HalH-
meTcs B BHJAE

p=const-8§ (E—E). _ 4,6)

Jo cux mop MH npexnoJaraju, uTo BcSl 3aMKHYTas CHCTeMa Ha-
XOAHTCA B CTAaTHCTHYECKOM papHOBecHM. [[pyruMu cjoBaMH, MH pac-
CMaTpUBajd ee B TeueHHe BpeMeH, GOJBIIHX NO CPaBHEHHIO C ee
BpeMeHeM penagcauuu. Ha npakTuke, oiHako, OGbIYHO BO3HHKaeT
HEO6XONHMOCTL pPacCMaTPHBaTh CHCTEMY B TedeHHe BPEMEH, CPaBHH-
MBIX HJIH JaXe MaJIbiX MO CPaBHEHWIO CO BpeMeHeM pesakcauud. s
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BpoAbHIHX CHCTEM 3TO OKA3bIBAC€TCA BO3MOKHbIM OJarojapsg cymiecTtBo-
paHHIO HapAly C NOJHBIM CTaTHCTHYECKUM DaBHOBECHEM BCefl 3aMKHY-
70l CHCTEMBI TaK HA3HIBAEMBIX HENOJIHBIX (U/1H YaCTHYHBIX) PABHOBECHH.

Ileno B TOM, 4TO BpeMs peJaKCallMH pacTeT C YBEJIHYEHHEM pas-
MepOB cHucTeMbl. B cumny 3TOro 06CTOSITENLCTBA OTAE/bHBIE MaJble
gaCTH CHCT€MBl caMy MO0 ceGe NPUXOJAT B PaBHOBECHOE COCTOSHHE
3HAUHTEJBHO ObICTDee, 4eM NPOUCXOJUT YCTAHOBJEHME DABHOBECUS
MeXIY pasJMuHBIMM MaJbIMH 4aCTAMH. DTO 3HAuUT, YTO KakKjas
MaJsasd 4acThb CHCTEMBbl ONUChiBaeTcs cBoedl (DyHKuUMel pacnpejesieHHs
puia (4,2), o 3nauenus napamerpos pacnpenesnenus B, y, 6 pasnnunn
JUIs pasHBIX YacTefi. B TakoM ciydae roBopaT, 4TO CHCTeMa HaXo-
auTCs B Henoawom pasrosecuu. C TedeHHeM BDeMEHY HENOJHOE PABHO-
BecHe INOCTENEHHO MNEePeXoiyuT B noJjHoe, nmpHueM napaMerps! P, y, 6
JUIAl KaxXpoH MaJlod gacTH, MeJ/IeHHO H3MEeHSAACH CO BDEMEHEM, B KOHIE
KOHIIOB CTAHOBATCHA OJMHAKOBHIMH BJIOJIb BCeH 3aMKHYTOH CHUCTEMBI.

Yacto NpHXOANTCA HMETh JEJI0 ¢ HENOJHBMY PABHOBECHAMY TaKiKe
B Jpyroro poia. DTo— HENoJHblE PaBHOBECHS, IPOUCXOXKIEHHE KOTO-
pHIX CBA32HO He ¢ GOJIBIIOH pazHHIUEH B JJUTEALHOCTH BDEMEH De-
JAaKcauMyu JJd BCell CHCTEMB M ee MaJblX gacTelf, a ¢ pasHUuEH
B CKOPOCTAIX BCEBO3MOMHBEIX TNPONECCOB, MUAYIIMX BO BCeH CHCTeMe.
HarsasgHeM npUMepoM MOXKET fBUTbCA HENOJHOE PaBHOBECHE B CMeCH
HECKOJIBKMX BeMIeCTB, MEXAY KOTOPbIMH HJIeT XMMHUeCKas peakuus.
Baarogaps cpaBHUTENbHONH MeJJIEHHOCTH TeYeHUs XMMHYECKUX peax-
nxii paBHOBeCHe MO OTHOWIEHMIO K JIBHXKEHUIO MOJEKYJ YCTaHABJIH-
BaeTcsi, BooOllie TOBODS, 3HAUUTEJBHO OBICTpee, YeM pPaBHOBECHE 1o
OTHOUIEHVIO KO B3aUMHBIM IpeBPalleHU M MOJIeKYJ, T. €. IO OTHO-
IIEHHIO K COCTABY CMeCH. JTO 0OGCTOATENbCTBO IAET BO3MOMKHOCTh
paccMaTpuBaTh HENOJHBIE PaBHOBECUH CMECU KaK DaBHOBECHS NpH
3allagHoM (B JeHCTBHTEJBHOCTH HEPABHOBECHOM) €€ XHMHUECKOM
cocTaBe.

Hanpumwe HermosHBIX paBHOBeCHH 1103BOJIS€T BBECTH IOHATHE
O MAKPOCKONUHYECKUX COCMOAHUAX cHcTeMbl. VIMeHHO, B OTiIHYHE OT
MEXAHVYECKOTO MMKPOCKONMUUYECKOro ONUCaHuf (T.e. 3ajaHusf Koop-
IVMHAT U UMIYJbCOB BCeX YacTHLl CHCTEMHl), MAKPOCKONUYECKHM Ha-
3BIBAETCH ONMCaHUe CUCTeMB! 3aaHYeM CPelHUX 3HadeHul GU3nUecKuX
BEJUYMH, ONpee/]fAIIUX TO HJAHM MHOoe €e HENoJHOE paBHOBecHe.
Hanpumep, 310 MOryT GBITh CpejiHNE 3HAUEHHMS BeJIMYMH, XapaKTe-
pHU3YyIONMX OTAe/bHBIE JOCTATOUHO MaJjlble, HO MAK POCKOINYECKHe 4acTH
CHCTEMHI, KaXJVI0O U3 KOTOPBIX MOXKHO CUMTATh Haxoxalieilicd B He-
KOTODOM CBOEM HaCTHOM PABHOBECHH.
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[Tepexonsi k Bonpocy 06 OCOGEHHOCTAAX KBAHTOBOH CTATHCTHKH,
OTMETHM, TPEXIE BCEro, 4To YHCTO MeXaHHUeCKUH ToAXon K 3ajaue
06 onpejeseHUH IOBEJEHHH MAKPOCKOIMUYECKOro Teja B KBAaHTOBOM
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MeXaHHKe, pasyMeeTcsi, CTOJb Xe Oe3nafiekeH, KaK H B KJACCHUECKOH
mexanuke. [Ipu rakoM noxxone tpebopajoch Obl pellaTb YpaBHEHMe
lpenvunrepa f1s cHCTEMEI, coctosllieli U3 BceX 4acTHIL Tesla,— 3ajaya,
ecIH MOXKHO TaK BhIpasHThbCA, ellle Ooslee Ge3HazeXkHan, yeM HHTErpy-
poBaHue KJjacCHueCKMX YypaBHeHMH JBMKeHus. Ho naxe, ecnau 6n
0Ka3a/J0Cch BO3MOXKHBIM B TOM HJ/IM HHOM CJyyae HalTH ofiee pe-
mende ypaBuenus [penavnrepa, 6ui10 66l aGCOTIOTHO HEBO3MOMKHbBIM
BHOpaTh U 3aNKcaThb YAOBJETBOPSAIOLEE AaHHHIM KOHKDPETHBIM YCJIO-
BUSIM 3aJladd yaCcTHOe pelieHye, XapaKTepysYIoLieecs onpejeeHHbIMHA
3HAYEHYMSIMH TPapAMO3HOTO UHMC/a Pas3JUUHBIX KBAHTOBBIX YHCEJ.
Bosble TOro, Mbl YBUAMM HHXKe, 4TO ]I MaKpOCKONMUYECKOTro TeJia
NOHSTHE O CTallMOHaPHBIX COCTOAHUSIX BOOOIe CTAHOBHTCH B H3BECTHOM
CMBIC/IE YCJIOBHBIM,— 00CTOATENbCTBO, MMEIOLiee CYLIeCTBeHHOE, NIPHH-
LM HaJbHOe 3HadYeHuUe.

BrificHUM npejBapHTe/bHO HEKOTOphle 0COGEHHOCTH, KOTOPHE Xa-
paKkTepu3yOT C YHCTO KBaHTOBOMEXaHMUYECKOH TOUKM 3peHHs MaKpo-
CKONMuecKHe Tesla N0 CPaBHEHUIO C CHCTEMaMH, COCTOSII MY U3 CpaBHHU-
TeJbHO MaJor0 Yuc/a YacTHll.

DTy 0cOBeHHOCTH CBOAATCS K HeoObluaiiHoli rycToTe pacnpefieieHUs
ypoBHefi B cneKTpe COOCTBEHHBIX 3HaueHMil 3HEPrUM MaK pOCKONHYEC-
Koro Tena. Ilpuuuny Tako#t IycToThl JIerKO NOHATb, €CJH 3aMeTHTbh,
gyto Gnarofapsl KoJaoccaJbHOMY YHC/IY YaCTHI| B TeJle BCSKasi SHEPrus
mozxkeT ObITb, TPY0O FOBOPS, «pacnpefiesieHa» 1o pasJUIHBIM YacTHIAM
Gecuucne HHLIM gHucaoM cnocoBoB. CBsI3b 9TOro 06CTOSITENBCTRBA C [YCTO-
Toli YpOBHeii CTaHOBUTCH B OCOOGHHOCTM SCHOI, ecJld PaccMOTpeTb
L8 TpuMepa MaKpoCKONMYeCKoe TeJso, NPeACTaBAsAwLee coboli «rasy
U3 N coBeplieHHO HeB3auMOJEHCTBYIOIMX 4YaCTUL, 3aKJIIOUeHHBIX
B HekoTOpOM ofbeMe. YDOBHY 3HePTUH Takol CUCTEMBI NPeACTaBAAIOT
coboif npocTo CYMMbl HepTHH OTAENbHHX YaCTHI, NPHYEM 3HEprHf
KaXaol uacTuipl npoberaeT GecKOHEUHBIH DS AUCKPeTHHIX 3Have-
Huii1). SlcHo, uTo, BHIGMpast BCeMHM DPasJMUHBIMU CnocoGamH 3Hade-
s N useHOB 3TOH CyMMbI, Mbl NOJIYYUM BO BCSIKOM CKOJIBKO-HUOYZb
3aMETHOM KOHEYHOM YYaCTKe CIIeKTPa OPOMHOE 4{CJIC BO3MOXKHBIX
3HAUCHWH DHEPTUH CHUCTEMBI, KOTOpHIE, CJeJoBaTeJ]bHO, OYAYT pacno-
JoXeHbl OueHb 0/1M3KO APYr K APYTY.

MoxHo nokasath (cM. (7,18)), BoobLie, 4TO yMCJIO YpOBHel B 3a-
JaHHOM KOHEYHOM VHTEpBaJje HepPreTHUeCKoro CHeKTPa MaKpOCKONM-
UeCKOrO TeJa BO3pacTaeT ¢ yBesJWUeHMeM UHCJa CoAepXKallluXcsi B HeM
qaCTUIl O KCINOHEHIMaJbHOMY 3aKOHY, a pPacCTOfHUSI MEXKAY YpOB-
HAMM Bblpaxaiorcst uyucidamun Bufa 107 (rme N —uucso nopsiika
BeJVWUMHHE UMCJa UYacTHI B Teje), Oe3pa3/vuHO B KaKMX ejMHMUAX,
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TaK KaK pasHHIla MEX/ly PasiHUHBIMH €lHHHIIAMH SHEPIrHH COBEPILEHHO
ge CYLIeCTBEHHa JJI TaKOro 4yJOBHIHO MaJioro YHCIal),

BenencTBre upesBhiuaiiHofi TYCTOTHL YpPOBHEH MaKpPOCKOMMHECKOe
TeJ0 HHKOTJa He MoxKeT (aKTHYECKH HaXOIHTbCS B CTPOTO CTAaIHO-
HapHOM cocTosiHuM. Ilpexpe Bcero $CHO, YTO 3HAUEHHE IHEPTUH
CHCTEMBI BO BCSIKOM CJIydae OyJeT «pasMBITHIM» Ha BeJHUHHY MOpPSjIKa
SHEPTHH B3aHMOJIEHCTBHS CHCTeMbl C OKpyXawmuMmH TeJamH. Ho
fOCJIeAHAS HEHN3MepHMO BeJlHKa 10 CPaBHEHHIO € PacCTOSTHHSIMH MeKAY
ypPOBHSMH, TPHYEM HE TOJIbKO JUJISl «KBa3H3aMKHYTHIX» TOACHCTEM, HO
M AJf TaKMX CHCTeM, KOTOpHIE MBI CO BCAKOHi HHOM TOUKH 3DeHHs
MorjiH Obi CUMTAThb CTPOTO 3aMKHYTBIMH. B mpHpose, pazymeercs, HeT
NOJIHOCTBIO 3aMKHYTBIX CHCTEM, B3aHMOJIEHiCTBHe KOTOPHIX C JIIOGHIM
JpPYrHM TeJOM paBHO B TOYHOCTH HYJIIO; BCSIKOe 3Xe (haKTHYeCKH
oCTaloleecsl B3aHMOJEHCTBHEe, KOTOpoe MOXKeT ObITh JlaXKe HacTOJbKO
MaJibM, UTO HEe OTpaXKaeTcss HH Ha KaKuX JIPYI'HX CBOHCTBaX CUCTEMH,
6yneT Bce ele 4pe3BbUaHHO BeJUKO NO CPaBHEHHIO C HCYesalole
MaJIbIMH HHTEPBaJaMU ee 3HepreTHYeCKOro CIeKTpa.

Ho ¥ nomMumMo 3TOro CyuiecTByeT Apyras riy6oKas npHuuHa, B CHIY
KOTOpOHi MaKpOCKOIMHuecKoe teJio He MOXKeT (PaKTHUeCKH HaXOXHThCS
B CTallHOHAPHOM COCTOSHHH. KaK H3BECTHO H3 KBAaHTOBOH MEXaHHKH,
COCTOSIHHe CHCTeMbl, OIHCLIBAIONIEEC HEKOTOPOoli BOJIHORO Gy HKILHE,
BO3HHKaeT B pe3yJibTaTe HEeKOTOPOro npoliecca B3aHMONeHCTBHS 3TOH
CHCTeMH C JApYyrofi CHCTeMOH, KOTopasi C JOCTaTOYHOH TOYHOCTBIO
Moy UHSeTCH KiaccHueckKol Mexanuke. OcoObiMU cBOHCTBaMHU obJjajaer
NpH 3TOM BO3HHKHOBEHHE CTAallMOHAPHOIO COCTOSTHHS. 3]eCh HeobXo-
IHUMO pa3/uyaTh 3HAaueHHe 3JHEpPTHH CHCTEMHl 0 B3aHmojelicTBHS E
1 sHepryio E’ COCTOSTHHS, BO3HMKAIOMEro B pe3yJibTaTe B3aUMOJEHCT-
BHsi. Kak mseectHo (cm. III, § 44), werousoctn AE u AE’ Bejauuun
E n E’ cBsizaHbl C TIPOIOJIIKUTEJbHOCTEI0 Af Tipolecca B3auMOJEHCT-
BHSI COOTHOILEHHEM

12

|AE'—AE |~ 1.

OGe norpemnocts AE u AE’, BQofilie roBOpS, OAHHAKOBOTO MOPSAKA
BeJIHUMHBl, H aHa/IM3 NOKA3biBAeT, YTO HeJb3 s NOOHTbCS, 4TOBHl OBLIO
AE’ < AE. TlostoMy MOXHO yTBepXKpaTh, uro # AE’ ~ fi/At. Ho pas
TOro 4TOGHI COCTOSTHHE MOXKHO OBIJIO paccMaTpUBaTh KaK CTallHOHAPHOE,
HetouHoCTh AE’ J0/2KHa BO BCAIKOM Cllydae OBITb MaJjiolf MO CpaBHe-
HHIO C PAacCTOSIHHAMH [0 COCEIHHX YpOBHeH. B cHJy upesBbualiHok
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MaJIOCTH TNIOCJE€IHHUX MBI BHJHM, YTO JJI5i NPUBEJEHHS MaKpPOCKOIH-
4ecKOro Tesla B Kakoe-in0o onpefesieHHOe CTalYOHAPHOE COCTOSIHHE
norpeGoBaochk Gbl HeH3MepHMO GoJibioe BpeMs At ~ h/AE’. pyrumu
CJIOBaMH, Mbl CHOBAa NMPHUXOJMM K BBIBOJY O HEBO3MOXKHOCTH OCYIIECT-
BJIEHHSI CTPOFO CTAUMOHAPHBLIX COCTORAHHI MaKpPOCKONMYECKOro TeJa.

Boo0irie onucaHue COCTOSHUS MaKpOCKONHUECKOro TeJd ¢ NOMOIIbIO
BOJIHOBOA (DYHKIMM HEOCYWECTBUMO, HUOO dakTHdecKu BO3MOMXKHbIH
3anac JaHHBIX O COCTOSIHHM TaKOro Teja JaJjleKo He COOTBETCTBYeT
NOJHOMY Habopy NaHHBIX, HEOOGXONMMOMY JJISi TIOCTPOEHHA €r0 BOJIHO-
Boii dyukuuu. IlojoKeHye 37echb B M3BECTHOM CMEIC/Ie aHAJOTHYHO
TOMY, KOTOPOE HMeeT MEeCTO B KJacCHUeCKOH CTaTUCTHKE, rje HeBO3-
MOKHOCTb ydeTa HaudasbHbIX YCJOBHH AJif BCeX 4aCTHIL TeJia IPUBOJHUT
K HEeBO3MOXHOCTH TOYHOTO MEXaHHYeCKOrO ONHMCaHU§i €r0 NOBEJEeHHS;
aHaJIorusi, BOpOYeM, HeNnoJIHaf, TaK KaK HEBO3MOXKHOCTbL INOJHOFO
KBaHTOBO-MEXaHHUYECKOrO ONMCAHUSA H OTCYTCTBHE BOJIHOBOH QVHKIHH,
ONHMCHBAIOMIEH MakpPOCKONHUYECKOe TeJslo, MOTYT, KaK Mbl BUJE/IH, HMETh
ropasno Gojee rayfokue OCHOBaHHA.

KBanToBOMeXaHy4ecKoe onycaHue, OCHOBaHHOe Ha HenoJsiHOM HaBope
JaHHBIX O CHCTeMe, OCYIeCTBJIAeTCH, KaK M3BECTHO, MOCPEACTBOM TaK
HasbiBaeMo#t mampuybr naomuocmy (cM. 111, § 14). 3Hanue maTpuusl
NJIOTHOCTH TI03BOJISIET BLIYHCJAATL CpejHee 3HauYeHue jito00# BeJIMUHHEI,
XapaKTepHU3yolliel CHCTeMY, a TakxKe BEPOSITHOCTH PasJiMYHBIX 3Ha-
ueHHHl 3THX BejuuMH. HenojHoTa ONHMCaHMA 3aKJIOYaeTCH NIPH 3TOM
B TOM, YTO pe3yJbTaTbl Pa3jIMYHOTO Pojia U3MepeHUHl, KOTOphle MOXKHO
npejcKa3aTb Ha OCHOBaHMM 3HaHMfA MaTPHUBI NJOTHOCTH C HEKOTOPOH
JoJefl BePOSITHOCTH, Moryid Ovl, BO3MOXKHO, ObITh NpejCKa3aHbl ¢ 6oJb-
wiell WJIM axe NOJHOA JOCTOBEPHOCTBIO HA OCHOBaHHWH NOJHOro Habopa
CBEJIeHU O CHCTEME, AOCTATOYHOrO JJIfi ITIOCTPOEHHSI €€ BOJIHOBOH
(hyHKIIHH.

Mbl He CTaHeM BBINUCHIBATbL 31€Ch H3BECTHBIX H3 KBaHTOBOH Me-
XaHUKH GOPMYJ, OTHOCAIUXCA K MaTpHie NJIOTHOCTH B KOOPJHHAT-
HOM TIpeNCTaBJIEHHH, TaK KaK 3TO npejpcraBjieHde (aKTHYeCKH He
NpUMEHSETCs B CTaTHCTUKE. JIoKRaxeM, O1HaKO, KaKUM 06pa3soM MOXKHO
HETNIOCPEACTBEHHO BBECTH MaTPHLLY NJIOTHOCTH B SHEpreTHYecKoM mpej-
¢TaBJeHUY, HeOOXOJUMOM JJISi CTATUCTHYECKYUX TPUMEHEHHH.

PaccMOTpUM HEKOTOPYIO NOJACHUCTEMY U BBeJIEM NOHSITHE O €€ «CTa-
IIMOHAPHBIX COCTOAIHMAX» KaK O COCTOSIHMAX, TNOJYHYalolHXCHA Npu
NOJIHOM NIpeHeOpeKeHNH BCeMH B3auMOIeHCTBUAMH JaHHOH NOJACHCTEMBI
C OKpYXKaloUUMU 4acTAMM 3aMkHyToll cuctemsr. Ilyets 4, (¢) Gyayt
HOPMHpPOBAHHbIe BOJIHOBble (DYHKIHM ITHX COCTOAHHH (6e3 BpeMeHHOro
MHOXKHTeJs), TAe ¢ YCJOBHO 0003HA4aeT COBOKYIHOCTb BCEX KOOPJH-
HAT NOACHCTEMBI, & UHJEKC /1— COBOKYNHOCTb BCeX KBaHTOBBIX 4MCe,
OTJIMUAIOMMX pa3J/M4YHble CTallMOHADHBIE COCTOSHHA; SHEPTHH 3THX
coctosiHuii Gynem ofo3HayaTh nocpencTsoM E,.

IIpennoJ/ioxuM, 4TO B JaHHBIH MOMEHT BpeMEHH NOJCHCTEMa HaXo-
IMTCSA B HEKOTOPOM TOJIHO ONHCAHHOM COCTOSHHH C BOJIHOBOH (hYHK-
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gigeit . IlocnenHiolo MOXHO pasJOXKHTB 1O 06PA3yIOMUM NOJHYIO
cucreMy GyHKuuam v, (g). Hapumem sto pasnoXeHue B puae

\P:;;Cn\l’m (5’1)

Cpentee 3HaueHue /000N BeJHUYHHB [ B JAaHHOM COCTOSTHUH MOKET
6biTb, KaK U3BECTHO, BLIUHC/JIeHO Mo Kodbduudedtam ¢, C IOMObIO

GOpMY bl
F= 2 6nfums 6,2)
rne
Fom = § WaFbudg (5.3)
—MaT)quubre 5JeMeHTBl BeJHuUuHbl [ (f — cooTBeTCTBYIOWLMI €ff ome-
parop).

Ilepexon OT IOJHOTO K HENOJHOMY KBAaHTOBOMEXaHHUECKOMY OfM-
CaHHUIO MOACHCTEMBl MOXKHO paccMaTpUBATh B HEKOTOPOM CMBICJIE Kak
yCpeineHUe NO ee pas3MUHBIM P-coCTOsIHUSIM. B pesysbrate Takoro
yCpeLHeHHsi NpOU3BeNEHUs C;C, MaAyT ABOHHOH (IO ABYM HHAEKcaM)
Habop NHeKOTOPHIX BeJUYHH, KOTOpble MBI OGO3HAUHM 110CPEACTBOM W,,,
U KOTODble He MOrYT yxKe OHITb BbipaKeHH B BUJe NPOU3BeneHH
KakHx-Ju00 BeJuUYuH, o6pas3ylomux opauHapHbelll HaGop. Cpepuee
3HayeHue BeNMYMHB [ BHIpA3HTCH Tenepb GopMyJod BUIA

7= ,;2 wmnfnm' (5’4)

CoBOKYNHOCTD BEJUYUH W,, (BooOule roBops, QyHKUUN BpeMeHH) U
npeAcTaB/sier COG0fi MarpULy NJIOTHOCTY B SHEPreTHUECKOM Mpel-
CTaBJIEHHY; B CTaTHCTHKe ee HA3bIBAIOT cmamucmu4eckoii mampuyeii ),

Ecu paccMaTpuBaTh wp, KaK MATPUYHbE 3JEMEHTH HEKOTOPOTO

CIMAMUCMUYeCKO20 Onepamope @, TO CyMMa Z,w,,mfn,ﬂ 6yner xuaro-

HaJbHbIM MaTpHUHBIM 3JIEMEHTOM [IPOH3BEACHUS ONIePaTOpOB ZQJf, a cpen-

Hee 3HayeHde [ Hanumlercs B BHAe cJeia (CYMMBI JHarOHaJbHBIX
3JIeMEHTOB) 3TOrO Omeparopa

=2 @), = Sp (@)- (5.5)

Takass dopma 3anucn o6ajaer TeM NPEUMYVINECTBOM, YTO AaeT BO3-
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MOKHOCTb IPOM3BOAUTH BBHIUUCJAEHHS C IIOMOWIbIO IIPOU3BOJIBHOrO
IOJTHOrO HaGopa B3aHMHO OPTOTOHAJIBLHBIX H HOPMHPOBAHHEIX BOJIHO-
BHIX (YHKUMI: /el Oneparopa He 3aBUCUT OT BbIOOpA CHCTEMB
GYHKUHE, 110 OTHOWEHHIO K KOTOPBIM OIpelesisiioTcs MarpuyHble
anementn (cm. 111, § 12).

AnasoruyHEIM 06pa30M BU/JOH3MEHSIIOTCH M ApYrue KBAHTOBOMeE-
XaHUYeCKue BhlpaxKeHHs, B KOTODble BXONAT BEJUUYUHBI C,,— BCAKHUI
pas NpOU3BEIEHUS CjC, AO/IKHBl 3aMeHATbCH HA «yCpe/IHEHHblE 3Ha-
YEHUSY Wyt

Colon — Wiy

Tak, BepoATHOCTh MNOJACHCTEME HAXONUTHCA B n-M COCTOAHHH Oyner
paBHa COOTBETCTBYIOMEMY JUATOHAJLHOMY 3JIEMEHTY @,, MATPHUH
IJIOTHOCTH (BMECTO KBajpara MOUYJS CnC,). OueBUIHO, 4TO 3TH 3J]e-
MEeHTHl, KOTOphle Mbl 6yleM 0603HayaTh HUZXKe IIOCPEJCTBOM W,, Bcerja
[IOJIOZKHTENbHBI

wn = wnn > 0 (5’6)
U yXOBJIETBOPAIOT YCJIOBUIO HOPMHPOBKH
Spw=w,=1 (5.7)

COOTBETCTBYIOLIEMY YCJOBUO 2]0,, o == 1) .
n

Heo6xo1umMo NOAYEPKHYThH, YTO yCpenHEeHHe HO Pa3JHIHBIM Y-CO-
CTOSTHUSIM, KOTOpHIE MBI BBeJH C LeJIblI0 ClesaTh HarJSAHBIM Iepexoj
OT MOJIHOTO KBAHTOBOMEXAHHYECKOrO ONUCAHUS K HENOJHOMY, UMeer
JIUIIb BeCbMa YCJOBHBIA CMBICA. B uyacTHOCTH, GBIIO 6B COBEPLIEHHO
HENpaBUJbHBEIM CUUTATh, YTO ONMUCAHUE C IOMOUIBI0 MATPHILB! IIIOTHOCTH
COOTBETCTBYET TOMY, YTO NOJACUCTEMA MOKeT C Pas/UYHBIMH BeposT-
HOCTAMH HaXONUTBCA B pa3JUYHBIX YP-COCTOSHUAX, a IPOU3BORUMOE
yCpelHeHue eCTb YycpenHeHHe IO 3TUM BepOSITHOCTSM; TaKoe yTBep-
KJeHue BooOLie NMPOTHBOPEYHI0 6Bl OCHOBHBIM NPUHIUIIAM KBAHTOBOIM
MeXaHUKH,

CocTOsIHUST KBAHTOBOH CHCTeMbl, OIKCHBAKOMYECS BOJHOBBIMY
GYHKUUSAMY, WHOTAA HA3BBAIOT 4UCMbIMU COCMORHUAMU B OTIHYUE
OT CMEUIAHHBIX COCMOAHUL, ONMCHIBAIOMMXCS MAaTpHuled IJIOTHOCTH.
Crnenyer, OAHAKO, HperoCTepedb OT HENPAaBUJBHOIO NOHUMAHUSA MO-
c/elHuX B YKa3aHHOM BBIlle CMEICTE.

YcpenneHne ¢ nOMOWbIO CTATUCTHYECKO! MaTpULLb, ONpejensieMoe
dopmysoit (5,4), uMeer nBosiKylo npupony. OHO BKJwouaer B ce6si
KaK ycpelHeHHe, CBi3aHHOe C BePOSITHOCTHBIM XapaKTepoM KBaHTOBOrO
onucauus — jpaxe HauboJee IOJHOTO—CaMoro Io cebe, Tak U CraTu-
CTHUECKOe yCpelHeHHe, HEOGXOAHMOCTb B KOTOpOM BO3HUKaeT B pe-
3yJipTaTe HENMOJHOTHl HAIMX CBegeHHH O paccMaTpuBaeMOM OGbekTe.
B ciyuae 4ydcTOrO COCTOAHUS OCTaercsl JUNb NepBOe YCpelHeHue,
B CTATUCTUYECKUX ¥Ke CJyyasix Bcerja IPHCYTCTBYIOT 003 3JeMeHTa
ycpentenusi. Heo6xonumo, ogHako, uMeTb B BUAY, YTO 3TH 3JeMeHTEl




